Tunneling time scale of under-the-barrier forerunners by García-Calderón, G & Villavicencio, J
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































); (x  L) (2)
where the T
k
's refer to the transmission amplitudes,



















given in terms of the resonant eigenfunctions fu
n
(x)g


















> 0). The resonant sums in Eqs.


















where w is the complex error function [8]dened as
w(z) = exp( z
2







[x  ~qt=m], where q = k; k
n
.
We shall explore the issue of the tunneling time scale
in typical one dimensional potential barriers [9] of height
V and thickness L, dened along the interval 0  x  L.
Let us analyze the behavior of the maximum of the time
domain resonance, t
max
, as a function of the potential
barrier width, L. Let us recall that this transient struc-





, measured at the xed position, x = L.
This can be appreciated in Fig. 1 where we plot the
L dependence of t
max
(full dot), corresponding to po-
tential barrier systems with parameters: V = 0:3 eV,




=2m = 0:001 eV, and eective
mass for the electron m = 0:067m
e
. Here we can clearly
observe a basin corresponding to a range of values of the
barrier width. We can also appreciate that if L is fur-
ther increased, t
p
grows linearly with L. Such a linear
regime occurs at large barrier widths. We have argued
[4] that in this case, the tunneling process is inhibited
and that the particle goes mainly over the barrier. We
have recently suggested [4] that for small values of the
barrier width L, the basin exhibited by t
max
, is a result
of a subtle interplay between tunneling and top-barrier
resonant processes. In what follows we shall investigate
under what conditions the time scales associated to the
basin, are in fact related to a tunneling process. We begin
our analysis by choosing the case L = 4:0 nm depicted
in Fig. 1, which is located around the minimum of the










, as a function of time t for a xed value of
position x = L. We can clearly appreciate a time domain
resonance peaked at the value t
max
= 5:17 fs. In order
to determine if this structure is related to a genuine tun-

















L   (nm)
FIG. 1: Maximum of the time domain resonance t
max
(full
dot) as a function of the barrier width L, for an incidence
energy E = :001 eV. In this case the barrier height is V = 0:3
eV. See text.














(solid line), at x = L = 4:0
nm. A full square indicates the position of the maximum of
the time-domain resonance, at t
max
= 5:17 fs.





































where s = i; e according to consider, respectively, the
internal or external solutions.
In Fig. 3 we plot the relative average local frequency







is the cut-o frequency, along the relevant time interval,









































= 1 (dashed line) is included for comparison. In the
inset we plot the instantaneous bandwidth  of the spectro-
gram depicted in the main graph. Notice that the frequency
deviations from t
max
are exactly zero, i.e., (t
max
) = 0. In
all cases a full square indicates the position of t
max
.
discussed in Fig. 2. We can appreciate that in the vicin-
ity of the maximumof the time-domain resonance, t
max
,
the probability density is composed entirely by under-





also occurs at the exact value t
max
, also indicated in the
gure by a solid square. In the inset of Fig. 3 we plot the
instantaneous bandwidth  of the spectrogram. Notice





) = 0. The above result indicates
that in this case the peak of the time domain resonance,
and the values close to it, refer to a genuine tunneling




associated to dierent values of the maximum t
max
of the
time-domain resonance, measured at dierent positions
along both the internal and external regions of a poten-
tial barrier with parameters: V = 0:3 eV, L = 4:13 nm,
and  = 3:0. In this case we choose the following values
of the incidence energy: E = 0:001 eV (solid dot), and
E = 0:01 eV (hollow dot). In the inset of Fig. 4 we show,
for the particular case of E = 0:01 eV, the values of t
max
(solid square) at the dierent values of position consid-
ered in the main graph. As can be clearly appreciated in
that gure, the tunneling process along the whole inter-





< 1. The above results should be
contrasted with those obtained for very large or innite
barrier widths recently studied in Ref. [2], where under-
the-barrier tunneling components arise only at distances
smaller than a characteristic length. Here we have found
a particular combination of potential parameters char-
acterizing a genuine tunneling process. The existence of
under-the-barrier tunneling forerunners is not only re-

































of the maximum of the
time-domain resonance, as a function of position, measured in
units of the barrier width L. The parameters are given in the
text. Two incidence energies are considered: E = 0:001 eV










= 1 (dashed line). The behavior
of t
max
as a function of position is illustrated in the inset for
the case with E = 0:01 eV. The position of the barrier edge,
x = L, is indicated by a dotted line in both gures.




















measured at the barrier
edge x = L, as a function of the opacity . Here we considered
a barrier height V = 0:3 eV, and the parameters: u = 300
(solid dot), u = 10 (solid triangle), and u = 5 (solid square).
Note that for values of the opacity smaller than  ' 3:3, the





= 1(dashed line). See text.
stricted to values of the position along the internal re-
gion of the potential. In fact, we can see in Fig.4, that
for distances up to x ' 2L along the external region, we
can still observe frequency components below the cuto-
frequency, !
V





4This behavior follows because the corresponding values of
t
max
increase linearly, indicating the prevalence of non-
tunneling components (see the inset in Fig. 4).
We have found that the existence of tunneling forerun-
ners at the barrier edge x = L may be described more







and by the dimensionless parameter u, the ratio between





There is a regime, that we shall refer to as tunneling
regime, characterized by the opacity  and the parameter
u, where the relative frequencies associated to the time
domain resonance are below the cuto-frequency !
V
. In





as function of the opacity , for three
dierent values of the parameter u, u = 5 (solid dot),
u = 10 (solid triangle), and u = 300 (solid square). Al-
though in this case we have chosen a value of V = 0:3





exhibits a striking regularity when plotted as a function
of . For a given value of  all the systems with the
same parameter u, share the same curve. That is, all
systems characterized by the same parameters  and u




. In view of
this observed regularity, we can completely characterize
the regime associated with under-the-barrier frequency
components. Although in Fig. 5 we have considered val-
ues of the parameter u such that 5  u  300, the case
corresponding to very large values of u (u!1), almost
overlaps with the case u = 300. Thus, for very large val-
ues of u there is an upper-bound for the opacity 
u
' 3:3.
This result, and the fact that the lower-bound for the
opacity [11] is given by 
c
= 2:065, recently reported
in Ref. [5], allows to characterize an opacity \window"
given by 
c
   
u
where the relative frequencies are





tive of the value of the parameter u, namely of the value
of the incidence energy. Note that the values of  within
the opacity \window" may be obtained using typical pa-
rameters of semiconductor heterostructures[9]. From the
gure one can appreciate the existence of another regime
of 's where the existence of under-the-barrier processes
associated to the time-domain resonance may depend on
the value of the parameter u.
It is of interest to remark that the time scale given by
the peak maximum t
max
of the forerunner at the barrier
edge x = L, i.e., the time domain resonance, diers from
both the semi-classical Buttiker-Landauer and Buttiker
traversal times, which exhibit a linear dependence with
L, and also diers from the phase-time[4, 5]. In Ref. [5]
we have discussed an unexpected relationship between
the delay time and the existence of time domain reso-
nances.
To conclude we remark that the analytical solution to
the time-dependent Schrodinger's equation with quan-
tum shutter initial conditions applies in general to arbi-
trary potentials provided they vanish beyond a distance
and can also be extended to deal with cuto pulses as
discussed in Ref. [5]. Our results refer to novel transient
eects in time-dependent tunneling. To test our results
experimentally would require to consider the detection of
tunneling particles in time domain at distances close to
the interaction region.
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